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Packings of deformable spheres
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We present an experimental study of disordered packings of deformable spheres. Fluorescent hydrogel
spheres immersed in water together with a tomography technique enabled the imaging of the three-dimensional
arrangement. The mechanical behavior of single spheres subjected to compression is first examined. Then
the properties of packings of a randomized collection of deformable spheres in a box with a moving lid are
tested. The transition to a state where the packing withstands finite stresses before yielding is observed. Starting
from random packed states, the power law dependence of the normal force versus packing fraction or strain at
different velocities is quantified. Furthermore, a compression-decompression sequence at low velocities resulted
in rearrangements of the spheres. At larger packing fractions, a saturation of the mean coordination number took
place, indicating the deformation and faceting of the spheres.
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I. INTRODUCTION

Granular materials have recently emerged as prototypes of
the so called “jammed” state [1–3] of matter. The jammed
state for a collection of spherical particles assumes that locally
the particles are in mechanical equilibrium. However, global
constraints may not be satisfied and small perturbations such as
tapping may evolve the system toward a global minimum [4].
For a collection of rigid spheres, such a limit point is generally
seen to be around 0.64 packing fraction and is known as the
random close packing. The physics of jammed hard spheres
is developing and it is the purpose of this article to study
experimentally a new system of three-dimensional packings of
deformable spheres in this context by measuring quantitatively
normal forces and contact number distributions.

In two dimensions, experiments on jamming transition
using a collection of photoelastic disks [3] showed power
law scalings in pressure and contact number distributions as
the density of the system increased. There has been limited
experimental studies in three dimensions on the properties
and structure of dense granular packings [5–8]. Moreover,
all experimental studies on three-dimensional systems have
been limited to realizations of hard spheres systems. Three-
dimensional systems of deformable particles are ubiquitous
in everyday life, ranging from piles of fruits to arrangements
of biological cells. Therefore, developing a simple imaging
system with the capability of measuring particle positions,
contact areas, coordination numbers, and deformations seems
an unique tool to test recent theoretical and numerical results
on the jamming of deformable particles [9,10]. Although it is
possible to perform particle tracking in three dimensions using
fluorescent dyes in immersed fluid [7,8,11], severe constraints
on optical refractive index matching makes it difficult to
resolve particle contacts, and modern investigations resort to
x-ray tomography [12] for static studies, magnetic resonance
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imaging in dense hard-spheres systems [13], and confocal
microscopy in colloidal suspensions.

Here we report an analysis of a new three-dimensional
imaging technique of disordered packings of deformable
particles under normal forces. To achieve this, we used
fluorescent particles immersed in an index matched fluid and
studied quantitatively the contact number distribution.

II. EXPERIMENTAL METHODS

The details of both the normal force and particle contacts as
a function of volume fraction were studied using fluorescent
polyacrylamide hydrogel spheres. Packings of about 600
deformable spheres of 16 ± 2 mm in diameter were considered.
The polyacrylamide spheres were first grown in water-
Rhodamine 6G solution (0.05 mg/ml). The polyacrylamide
polymer comprised 10% of the final swelled sphere, so
the hydrogel spheres were fluorescent and their refractive
index was equal to that of water. Then the spheres were
immersed in deionized water within an acrylic square box.
The walls were flat and 127 mm on each side. The box was
placed on the normal force transducer of a TA Instrument
AR2000 rheometer. The lid of the box was connected to the
head of the rheometer, which moved vertically at controlled
speeds ranging from 0.1 to 1000 μm/s, while the normal
force was measured simultaneously. There was a thin gap
between the lid and the walls of the box, so that water could
escape without disturbing the spheres. The accuracy of the
normal force transducer was 0.01 N. For the low packing
fractions ∼0.60–0.64, no force transmission was detected by
the transducer, although the lid of box was observed to touch
one or several spheres. In addition, a vertical green laser sheet
was translated through the box in order to image slices through
the packing. Photographs of 300 slices (3000 by 2000 pixels)
through the packing were taken using a digital camera. (The
imaging of the arrangement for φ = 0.64 is available in the
Supplemental Material [14].) Mean coordination numbers and
centers of spheres were extracted from the photographs using
an image analysis software.
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FIG. 1. (Color online) (a)–(d) A sequence of schematics of a 16-mm-diameter sphere compressed at strains of ε = 0, 0.2, 0.35, and 0.4.
(e) Normal force, FN , versus strain, ε, for a sphere of 17 mm diameter. The lines represent fits of FN ∝ εα , where α is the exponent indicated
in the legend. Inset: the normal force versus strain with a linear scale for three spheres of different diameters. The stars indicate the fracture of
the sphere. (f) Surface contact diameter, a, as a function of strain, ε, for three spheres of different diameters. The lines also represent power
law fits with exponents of 1/4.

At the scale of a single sphere, normal compression tests
were performed using the rheometer and the results are shown
on Fig. 1. The individual hydrogel spheres, which can range
in diameter from 5 to 30 mm, are highly deformable [see
Figs. 1(a)–1(e)]. Elastic spheres are usually dealt with using
the approximation of linear equations of continuum elastic
theory (Hooke’s law) and small contact radius. The Young’s
Modulus of the hydrogel spheres is O(104) Pa in agreement
with previous studies [15]. The Hertz model predicts that the
normal force and the strain of the sphere scale as FN ∝ ε3/2;
here ε = (d0 − d)/d0, where d0 is the sphere diameter and d is
the imposed height. Additionally, the contact region diameter,
a, scales as ε1/4. The properties of the deformable spheres were
tested for a range of sphere diameters using different types of
surfaces, under dry and immersed conditions, and at different
compression velocities. The results are compared to models
in Fig. 1(e). For ε from 0.002 to 0.02, FN is proportional
to ε. In a larger range of strains, from 0.002 to 0.2, FN ∝ ε1.25.
At large ε, such scaling deviates because of nonlinearities and
extensions to the Hertz model need to be used in describing the
materials [16]. The surface contact measurement, presented in
Fig. 1(f), were obtained by shining a horizontal laser sheet on
the horizontal plane between the top of the compressed sphere
and the quartz plate. Digital photographs were taken through
the plate and analyzed. The contact surface diameter evolved
as a ∝ ε1/4.

In the present investigation, the packings was prepared
as follows: the spheres were counted, measured, and gently

poured into the water-filled box in order to avoid any trapped
air bubble. Before each experimental run, the mixture was
stirred with a rod for few seconds. After the decay of any
motion, the top lid moved downward for the compression
test. The packing fraction was controlled by the position
of the lid with a maximum error of 0.02. Alternatively, an
estimate of the packing strain is given by: εp � 1.18φ − 0.75.
The polydispersity of the system prevented any large-scale
crystallization in the system except near the walls of the box.
At compression velocities of 100 μm/s or higher, large-scale
rearrangements were seen as the packing fraction of the
system increased. These correlated motions were reminiscent
of slip-plane motion seen in granular materials [17]. However,
at lower velocities, such large-scale rearrangements were not
observed. The immersed hydrogel spheres form a system that
has a small effective coefficient of friction. Measurements of
the coefficient of friction for hydrogels on polystyrene surfaces
gave values of O(10−4) [18].

III. RESULTS AND DISCUSSION

The normal force was monitored as the packing fraction
changed. Examples of regions from photographs halfway
inside the packing are shown in Figs. 2(a)–2(c). For φ = 0.82,
significant deformation and large contact regions between
spheres were observed. A three-dimensional reconstruction of
a packing at φ = 0.62 is also presented in Fig. 2(d). In Fig. 3,
typical results for the normal force versus packing fraction
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FIG. 2. (Color online) (a), (b), and (c) Region of interest of
photographs of compressed packings of deformable spheres φ =
0.62, 0.72, and 0.82. (d) Three-dimensional reconstruction of a
packing φ = 0.62.

are shown for four different compression velocities, which
were below the velocities at which large-scale rearrangements
occurred. The lines behind the symbols represent power law
fits: FN ∝ (φ − φc)β . The exponent β decreases slightly with
compression velocity. The inset of Fig. 3 presents the evolution
of β for a range of compression velocities and the error bars
describe the scatter of five to ten runs of the experiments.
The scaling exponent, β, is larger than that observed in two
dimensions [3]. The properties of our system are consistent
with smaller packings used previously in swollen hydrogel
systems [19]. Moreover, the exponent is in between that of

FIG. 3. (Color online) Compression of a packing of deformable
spheres. Evolution of the normal force, FN , versus the volume
fraction, φ. Tests for different compression velocities. The lines
represent fits of FN ∝ (φ − φc)β . Inset: β versus compression
velocity.

hard sphere systems in three dimensions, which have finite
friction β � 1.5 [20,21] and that of emulsions β � 1.25, which
are usually modeled as frictionless spheres [22]. Since our
spheres were Hertzian at relatively low strains, the power
law exponent of ∼1.4 is expected if the system responds
affinely to compression [9]. The normal force of the packing
is determined by the deformability of the spheres rather than
the mechanical contacts.

The scanning arrangement allowed the three-dimensional
imaging of the packing; the analysis consisted of contact or
coordination number as a function of packing fraction and is
shown in Fig. 4(a). The error bars represent the measurement

FIG. 4. (Color online) (a) Mean coordination number versus the packing fraction after compression. The dashed line represents the best
linear fit. The continuous line represents a sigmoidal fit. (b) Probability distribution of the coordination number for packing fractions from
φ = 0.60 to 0.77. The vertical line represents a coordination number of seven.
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FIG. 5. (Color online) (a) Normal force in packings of deformable spheres at low velocities. Evolution of the normal, FN , force versus the
volume fraction, φ. Inset: the final packing fraction as a function of the compression-decompression velocity. (b) Probability distribution of the
number of contacts for different packing fractions after decompression. (c) Pair distribution function g (r).

error in coordination number. There is contact if the brightness
remains constant as one moves radially from one sphere to the
adjoining one. The analysis was carried out in the center of
the packing without taking into account the three first layers
near the walls. The influence of the boundary of the container
has been studied by Lachhab and Weill [19] where they tested
(i) the height of the packing and (ii) the effect of wall roughness
by placing rigid spheres glued on the bottom of the box.
They found that the fluctuations upon β are 4–7%, which
is similar to the errors reported in the present experiments.
At the lowest packing fraction ∼0.60 that could be prepared
the mean coordination number is slightly above seven and
there is a slight increase as the packing fraction increases. The
evolution of the coordination number seems linear although
a significant jump in coordination number is seen around
φ = 0.74 and above φ = 0.80, where it saturates to almost
ten. The jump scenario is supported by a significant faceting
of the spheres at packing fractions of 0.77 and higher. Local
ordered structures are observed above φ = 0.74, but there was
no system spanning ordering of the spheres.

The distribution of coordination number can be well
described by Gaussian fits as indicated in Fig. 4(b). There is
a slight increase of the most probable coordination number as
φ increases. The Gaussian distributions of the coordination
number is consistent with numerical simulations of Hertz
sphere systems [20,23] for φ below 0.74. Then the evolution
of the mean coordination number can be described with a
sigmoidal evolution [the continuous line in Fig. 4(a)]. This
is a strong evidence that deformable spheres packings can
differ significantly from the hard sphere results. Such type of
behavior was observed in soft particle molecular dynamics
simulations independently of the particle number [24]. It
suggests that the deformation of the spheres causes the
coordination number to saturate at high packing fractions. In
the later stage of compression, sphere faceting is important to
understand the force network through the packing.

IV. COMPRESSION-DECOMPRESSION EXPERIMENTS

All our experimental results on the compression of a
disordered packings of deformable spheres led to measurable

force transmission through the packing from around 0.64
packing fraction independently of the compression velocity.
Until now, all the results were restricted to compression of
random packings. Now, random packings experienced a com-
pression followed by a decompression for a range of velocities.
Surprisingly, the final packing fraction, after decompression
from 0.85 packing fraction, reached 0.74 for the lowest
velocity (0.2 μm/s). Interestingly, slow decompression led to
denser final packing as shown in Fig. 5(a). This is consistent
with a recent numerical study of the jamming transition of
frictionless spheres [25].

Starting with a packing around 0.64 and performing a
compression-decompression test at low velocity, the final mean
packing fraction decreased with the decompression velocity as
indicated in the inset of Fig. 5(a). It appears that the slower
the velocity was, the larger the final packing fraction. Similar
packing rearrangements at low velocities after compression-
decompression tests have been observed in other systems with
ceramic material in a very viscous resin under cyclic heavy
loading [26]. There are two velocity scales in the system: the
settling velocity and the elastic velocity. The settling velocity
of a sphere sets an upper velocity scale: Vs ∼ (ρs − ρf )gd2

0/μ,
where g is the gravity, ρs is the sphere density, ρf is the fluid
density, and μ is the dynamic viscosity of water. The settling
velocity was of the order of 104 μm/s and corresponds to
the velocity to form a loose packing of spheres under gravity.
High-velocity compression-decompression tests experienced
an asymptotic packing fraction of 0.64. The other velocity
scale is based on the elasticity of the spheres. It is defined
by V 2

e ∼ G/ρs , where G is the elastic modulus of the system
in pascals. Ve was of the order of 10−5μm/s, so it is much
smaller that any test experimentally achievable. However,
at the smallest possible velocities the experimental packing
fraction reached the value of φ = 0.74, which indicates that
slow velocities are necessary to reach a minimum energy state.

A natural question is whether a mean coordination number
of six is observed in the packing of deformable spheres.
Starting with a random packing and performing a compression-
decompression test at low velocity, the final mean coordination
number was six with a narrow width. The distribution remained
Gaussian as presented in Fig. 5(b). The structures were more
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ordered, but given the polydispersity, no complete crystalliza-
tion of the system was observed. This strongly suggests that
the mean coordination number is not a unique function of
the packing fraction. Therefore, using the mean coordination
number as a potential state variable in constructing theories
should be treated with caution.

An indication of ordering of the deformable packing after
a slow compression-decompression is given by the evolution
of the pair distribution function g(r), which describes how
the sphere centers are distributed radially at the end of the
experiments at slow velocity. In Fig. 5(c), the pair distribution
function, g(r), extracted from our image analysis has a single
prominent peak. The peak with larger final packing fraction
corresponds to the highest peak. Also, the second peak is
higher for larger packing fraction in agreement with previous
studies [20,27].

V. CONCLUSIONS

We have presented an experimental study of amorphous
packings of deformable spheres. The mechanical behavior of

deformable hydrogel spheres is quantified. At relatively high
compression velocities, the system conserves many features
of hard sphere packing. A typical power law behavior of
the normal force evolution versus packing fraction is found
in agreement with previous studies. However, the contact
number has a different behavior than the hard sphere system.
The novelty of the present system is that a three-dimensional
imaging is possible: the mean coordination number and the
pair distribution function evolution are quantified. Our system
also opens a new way to look at internal dynamics of packings
in which the interaction potential and packing fraction can be
tuned separately by changing the “stiffness” of the hydrogel.
At large packing fractions, the mean coordination number
saturates, indicating the deformation and faceting of the
spheres.
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